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a b s t r a c t

We use finite elasticity to examine the behavior of a lightweight mechanism for rapid, reversible, and
low-power control of mechanical impedance. The device is composed of a central shaft suspended by
an annular membrane of prestretched dielectric elastomer (DE), which is coated on both sides with a
conductive film. Applying an electrical field across the thickness of the membrane, attractive Coulombic
forces (so-called ‘‘Maxwell stresses’’) are induced that (i) squeeze the annulus, (ii) relieve the membrane
stress, and (iii) reduce the mechanical resistance of the elastomer to out-of-plane deflection. This
variable stiffness architecture was previously proposed by researchers who performed an experimental
implementation and demonstrated a 10⇥ change in stiffness. In this manuscript, we generalize this
approach to applications in aerospace and robotics by presenting a complete theoretical analysis that
establishes a relationship between mechanical impedance, applied electrical field, device geometry, and
the constitutive properties of the dielectric elastomer. In particular, we find that the stiffness reduction
under applied voltage is non-linear. Such decay ismost significantwhen theMaxwell stress is comparable
to the membrane prestress. For this reason, both the prestretch level and the hyperelastic properties of
the DE membrane have a critical influence on the impedance response.

© 2017 Elsevier Ltd. All rights reserved.

1. Introduction

In current aerospace applications, activemechanical impedance
control typically requires clutches, brakes, transmissions, and
other hardware that depend on motors and hydraulics. While
adequate for large conventional systems, these variable stiffness
mechanisms may be challenging to implement in smaller, col-
lapsible, or structurally reconfigurable systems that require con-
tinuous stiffness change or complex triggering. For these emerg-
ing applications, rigidity-tuning hardware should be replacedwith
thin, lightweight, elastic materials and composites that are ca-
pable of modulating their stiffness through direct electrical op-
eration. Potential approaches include electrostatic activation of

⇤ Corresponding author.
E-mail address: cmajidi@andrew.cmu.edu (C. Majidi).

electro-active polymers (EAPs) and electrical (Joule) heating of
thermally-responsive materials. The latter has been demonstrated
with phase-change of low-melting point metal alloys [1,2], glass
transition of shape memory polymer [1,3,4], and softening of con-
ductive thermoplastic elastomers [5].While promising for applica-
tions that involve only intermittent operation, thermally-activated
rigidity tuning is typically too slow (⇠0.01–1 Hz) and energetically
costly (⇠0.1–10 W) for dynamical systems that require high cy-
cling rates. Instead, recent efforts in aerospace and space research
have focused on EAPs that couple shape and stiffness with rapid
and low-power electrostatic activation [6–8].

Here, we use finite elasticity to examine a particularly
promising class of EAP architectures that can be used for robust
mechanical impedance control. Referring to Fig. 1, the structure
is composed of a central shaft (or ‘‘shuttle’’) that is suspended by
an annular membrane of prestretched dielectric elastomer (DE).

http://dx.doi.org/10.1016/j.eml.2017.03.001
2352-4316/© 2017 Elsevier Ltd. All rights reserved.
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Both sides of the DE film are coated with a conductive fluid
(e.g. liquid metal alloy), grease (silicone oil mixed with carbon
powder), or elastomer (silicone rubbermixedwith carbon powder)
that remains conductive as the DE film is stretched. Connecting
the film to a power supply and applying a voltage drop � across
the thickness induces a Coulombic attraction, sometimes referred
to as ‘‘Maxwell stress’’, that squeezes the membrane and relieves
its prestretch. This stress reduction results in the lowering of the
mechanical resistance of the shuttle to deformations in the out-of-
plane direction.

The idea of a variable-stiffness device with EAPs was first
introduced by Pelrine, Kornbluh, et al. [9,10]. They performed
experimental tests to show the effect of the voltage on the
stiffness of a framed prestretched planar acrylic film, obtaining
a reduction of the stiffness up to 10⇥ under an applied voltage
drop of 6 kV. Variable stiffness with DE membranes has also
been proposed by Carpi et al. [11], who explore applications in
hand rehabilitation. The design examined in this study (Fig. 1)
was first proposed for voltage-controlled stiffness tuning by
Dastoor & Cutkosky [12]. Their implementation showed a 7–10⇥
reduction in stiffness and exhibited electromechanical coupling
that was consistent with theoretical predictions based on a
linearized model. While inadequate for modeling large strains or
electromechanical instabilities [13], the linear theory enabled the
authors to identify the important role of elastomer stiffness and
prestretch in the coupling between applied voltage andmechanical
impedance. Building on this work, Orita and Cutkosky [14] tested
a multi-layer diaphragm device and performed a nonlinear FEA
studywith the aim of identifying sources of failure and approaches
for failure mitigation. The design in Fig. 1 has also been employed
for replicating human pulse signal by means of a model-based
robust control [15]. For applications in acoustics, Lu et al. [16] use
voltage-controlled stiffness tuning to alter the resonance peaks of
a membrane-based silencer. Applying different external voltages
enabled a maximum resonance frequency shift of 59.5 Hz and
allowed the silencer to adjust its absorption of target noisewithout
any addition of mechanical part. Related analysis by [17] shows
that the sound transmission band-gap of the membrane filter can
be tuned by adjusting the voltage applied to the membrane.

In addition to the analyses in [12] and [14], the mechanics of
the annular DE membrane have been examined by He et al. [18].
They treated the membrane as a Neo-Hookean solid and found
numerical solutions to the governing balance equations, which
included the Maxwell stress associated with � . More recently,
Melnikov and Ogden [19] performed a theoretically analysis on
a related system composed of a tubular DE shell subject to
a combination of (radial) electric field, internal air pressure,
and axial mechanical loading. They used a nonlinear theory of
electroelasticity that allowed them to predict a loss of tension

associated with variations in electrical field.
In order to understand the underlying mechanics of the system

originally presented by Dastoor [12] and draw practical insights
for future aerospace applications, we must perform a more
complete electromechanical analysis. As described in the following
section (Section 2), the theory incorporates the kinematics of
finite deformation, the nonlinear constitutive properties of a
hyperelastic solid, and the electrical enthalpy induced by voltage-
controlled electrostatic field. Analysis is performed by treating
the DE film as a hyperelastic membrane and using variational
techniques to determine the electro-elastostatic configuration that
minimizes the potential energy. This approach is adapted from
the methods presented in [20] for examining the axisymmetric
deformation of an annular membrane [21] and builds on the field
equations for DE actuators and transducers previously presented
in [22–27]. Here, the dielectric is treated as either a Neo-
Hookean or (two-parameter) Ogden solid, although the theory

can be generalized to any constitutive law for an incompressible
hyperelastic material.

In order to obtain an algebraic relationship between the stiff-
ness and the applied voltage,weperforma linear incremental anal-
ysis with respect to (w.r.t.) the prestretched configuration. Both
the numerical results of the nonlinearmodel and the linearized ap-
proximation suggest an electromechanical coupling that is consis-
tent with the previous experimental observations [12]. We review
these in Section 3 and discuss in Section 4 how the theory leads
to new insights about the influence of the prestretch and applied
voltage on mechanical response.

2. The electro-mechanical model

As shown in Fig. 1, the device is composed of an outer rigid
frame with inner circular opening of radius Re that is attached
to a cylindrical bar of radius Ri through a prestretched annular
DE membrane. Prior to stretching, the membrane has an inner
radius Ri, outer radius Ro = Re/�p and thickness H . The membrane
stress is controlled by applying a drop voltage� across compliant
electrodes coated to the surfaces of the dielectric film. Such
electromechanical coupling arises from the Maxwell stress tensor
that is generated by the internal electrostatic field. As for any
elastic film in tension, this change in membrane stress will lead
to a change in the mechanical resistance to out-of-plane (z-axis)
deflection.

2.1. Kinematics

Referring to Fig. 1, the current (deformed) configuration⌦ can
be obtained from a deformation mapping � = �0 � �p that is
composed as follows: (i) a uniform biaxial (pre)stretch xp = �p(X),
which maps the body from the reference configuration ⌦0 to the
intermediate one ⌦p, and (ii) a vertical deflection x = �0(xp)
induced by the prescribed shaft displacement ū, which maps the
body to ⌦ . For convenience, three different coordinate systems
(COOS) and orthonormal bases are used to represent points in the
body:

1. Cylindrical COOS in ⌦0, which describes material points in
the reference stress-free configuration, spanned by the triad
{Es, E✓ , E3},

2. Cylindrical COOS in⌦p with bases {es, e✓ , e3},
3. Curvilinear COOS in⌦ with covariant bases {el, et , en} that are

tangent to the coordinate lines.

The deformation gradient of themapping� can bemultiplicatively
decomposed as F = F0Fp. Here, Fp = diag{�p, �p, ��2

p
} is the

deformation gradient due to the prestretchwhile F0 corresponds to
the out-of-plane deflection. The transverse stretch ��2

p
is obtained

by the incompressibility constraint det Fp = 1 and gives the
intermediate membrane thickness hp = H/�2

p
.

The deformation mapping x = �0(xp), adapted from the
membrane theory previously presented in [20], has the following
form:

�0(xp) = xp � x3e3 + u0 + (x3 + q) en, (1)

where u0 = u0(s, ✓) is the displacement of a point with
coordinates (s, ✓) on the midplane (for which x3 = 0), en is the
unit vector normal to the deformed surface, and q(s, ✓ , x3) is the
normal component of the displacement of points away from the
midplane related to the deformed configuration. By definition, the
function q (and its partial derivatives w.r.t. s and ✓ ) must vanish on
the midplane:

q(x3 = 0) = @q

@s

���
x3=0

= 1
s

@q

@✓

���
x3=0

= 0. (2)
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Fig. 1. Sketch of the diaphragmdevice inwhich an outer rigid framewith inner circular opening of radius Re is attached to a cylindrical bar of radius Ri through a prestretched
(�p) annular DE membrane with initial thickness H and prestretched thickness hp = H/�2

p
. In the membrane it is possible to induce a drop voltage � by means of two

compliant electrodes. (a) Reference configuration, top view above and lateral view in the bottom; (b) Intermediate configuration, top view above and lateral view in the
bottom; (c) Lateral view of the current configuration characterized by a prescribed pulling out displacement ū; (d) Sketch of the device in the current configuration.

The covariant bases at a point on a surface parallel to the midplane
in the current configuration may be expressed as

e0
s
= es + @

@s
u0, e0

✓ = e✓ + 1
s

@

@✓
u0

and en = e0
s
⇥ e0

✓

ke0
s
⇥ e0

✓k
.

(3)

Noting that, for the membrane in the prestretched configuration,
hp becomes small w.r.t. the annular width, the deformation
gradient F0 can be assumed homogeneous along the thickness and
thus approximated as follows [20]:

F0 ' (F0)x3=0 = I � e3 ⌦ e3 + ru0 + �n3en ⌦ e3, (4)

where �n3 = (1 + @q/@x3) is hence independent from x3.
Because we are interested in the response of the device to a
normal displacement imposed on the internal frame (see Fig. 1),
we consider the deformation as axisymmetric. The resulting
displacement u0 is then a function of the coordinate s and no
displacement occurs in the ✓ direction:

u0 = us(s)es + u3(s)e3 and q = q(s). (5)

Substituting the expressions for Fp and F0 into F, it is possible to
write the right Cauchy–Green deformation tensor [28] as follows:

C = FTF = diag

(

�2
p

⇥
(u0

s
+ 1)2 + (u0

3)
2⇤ ,

�2
p
(us + s)2

s2
,
�2
n3

�4
p

)

, (6)

where the principal stretches are simply the square roots of
the diagonal elements. Applying the incompressibility constraint
yields the following expression for �n3:

�n3 = s

(us + s)

q�
u0
s
+ 1

�2 +
�
u

0
3
�2 . (7)

2.2. Constitutive relations

To capture the nonlinear mechanics of the membrane, we treat
it as an incompressible Ogden solid with two elastic coefficients.
The constitutive relationship between the Cauchy stress and the
principle stretches can be obtained from the strain energy density
function  . For a selected pair of exponents,  has the form [29]:

 = 1
2
µ1
�
�2
s
+ �2✓ + �23 � 3

�
+ 1

4
µ2
�
�4
s
+ �4✓ + �43 � 3

�
, (8)

where µ1 and µ2 represent coefficients of elasticity. In order to
converge to theHooke’s law at small strains, the elastic coefficients
should satisfy the identity µ = µ1 + 2µ2, where µ is the
elastic shear modulus measured for infinitesimal deformations.
The principal components of the Cauchy stress tensor are

�i = �i

✓
@ 

@�i

◆
+ p = µ1�

2
i
+ µ2�

4
i
+ p, (9)

where i 2 {s, ✓ , 3} correspond to the principal directions and p is
the Lagrangianmultiplier that represents the hydrostatic pressure.
The unknown p is determined by balancing �3 with the Maxwell
stress:

�M = �" �2

(�3H)2
, (10)

where " is the electrical permittivity, H is the natural thickness,
and �3 is the transverse stretch [25]. Alternatively, the influence
of applied voltage on mechanical deformation can be modeled by
adding electrical enthalpy Ue to the potential energy functional.
For a membrane with uniform electric field through its thickness,
Ue can be computed by the following area integral in the current
(deformed) placement:

Ue =
Z

⌦

� d⌦. (11)

Here � = �"�2/2h2 is the electrical enthalpy density and can be
added to  to obtain a Lagrangian density for the potential energy
functional⇧ .
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2.3. Variational analysis

The total potential energy written w.r.t. the intermediate
(prestretched) configuration⌦p is expressed as:

⇧ =
Z

Re

Ri

L ds, (12)

where the Lagrangian density L = 2⇡shp( + � ) corresponds to
the potential energy per unit width of each concentric ring forming
the annulus. The explicit expression for L is obtained from Eqs.
(6), (7), (8) and (11), and is reported in detail in Appendix A.1.
At static equilibrium, ⇧ must be minimized w.r.t. the functions
{us, u

0
s
, u0

3}, which implies the following stationary conditions
(i.e. Euler–Lagrange equations):

@L

@us

� @

@s

@L

@u0
s

= 0 and
@

@s

@L

@u0
3

= 0 (13)

(see Appendix A.1 for the complete expressions). The solutions to
the governing equations in (13) must satisfy the following set of
boundary conditions:

us(s)|s=Ri
= 0 us(s)|s=Re

= 0 u3(s)|s=Ri
= ū

u3(s)|s=Re
= 0, (14)

where ū is the prescribed displacement of the inner shaft.
Once the solution to (13) with boundary conditions (14) is ob-

tained, the out-of-plane stiffness K3 of the device can be evaluated
for different values of the applied voltage. This is done by applying
Castigliano’s theorem (or the Crotti’s theorem in the generalized con-
text of nonlinear elasticity) to establish a relationship between the
shaft displacement ū and the corresponding reaction force F . The
force F is obtained from the following derivative of the total poten-
tial energy evaluated for the extremized potential⇧⇤ = ⇧(u⇤

0) at
static equilibrium:

F = @⇧⇤

@ ū
. (15)

Finally, the effective spring stiffness K3 corresponds to the slope of
the force–displacement curve at ū = 0:

K3 = @F

@ ū

����
ū=0

. (16)

It is worth noting that K3 depends on the following set of
parameters: {�p,�, µ1, µ2, Ri, Re} so, at least in principle, it
is possible to tune the stiffness of the device not only by
varying prestretch, geometry and constitutive characteristics of
thematerial, but also by exploiting the electromechanical coupling,
i.e. by changing the drop voltage between the two sides of the
membrane.

2.4. Approximate solution

In order to obtain a closed-form approximation that relates the
out-of-plane stiffness K3 and the voltage� , we use a small-on-large

strategy. This is applicable by assuming that the displacements
associated with the mapping �0 : ⌦p ! ⌦ are relatively
small, thus employing a first order incremental approach. The
kinematics introduced in the previous section is such that a
further deformation is superimposed on the highly prestretched
(intermediate) configuration ⌦p through the prescription of the
displacement ū. Therefore, under the hypothesis that ū is relatively
small, and, consequently, the current configuration is not far from
the intermediate configuration, a linear approximation of the
kinematics can be used to predict incremental variations of the
system response.

For sake of clarity, a displacement ũ0 can be defined by scaling
u0 in (5) by a quantity ⌘ ⌧ 1, namely

ũ0 = ⌘u0 = ⌘ (uses + u3e3) , (17)

and used in place of u0 in the sequel. By performing a Taylor
expansion of the Euler–Lagrange equations in (13) and keeping
only first order terms w.r.t. ⌘, one obtains a linearization
for deformations from the intermediate configuration. Next, by
substituting relation (17) in (A.1), Eq. (13) implies the following
‘‘scaled’’ set of Euler–Lagrangian equations:

u
00
s
+ 1

s
u

0
s
� 1

s2
us = 0 and u

00
3 + 1

s
u

0
3 = 0. (18)

Note that, as expected in axisymmetric problems encountered in
linear elasticity, the first order approximation of the problem does
not depend on the constitutive behavior of the material when
the boundary conditions are completely prescribed in terms of
displacement.

As shown in (18) the system takes the form of a set of Eu-
ler–Cauchy differential equations that, with reference to boundary
conditions in (14), leads to the following analytic solutions:

us(s) = 0 and u3(s) = log(s) � log(Re)

log(Ri) � log(Re)
ū. (19)

The force in (15) can be thus expressed, after some algebraic ma-
nipulations, as follows:

Fl = 2⇡"�2 �2
p

H log
⇣

Ri

Re

⌘ ū + gF (20)

where gF = gF (�p, ū, µ1, µ2, Ri, Re,H, ) (see details in Ap-
pendix A.2) is a suitable function introduced – for the sake of sim-
plicity – to highlight the 2nd-order dependence of Fl on the drop
voltage� . Furthermore, an analytic scaled relationship among the
out-of-plane stiffness at ū = 0, the drop voltage, the prestretch
and the geometrical and constitutive parameters is obtained:

Kl = 2⇡"�2 �2
p

H log
⇣

Ri

Re

⌘ + gK , (21)

where the function gK = @gF/@ ū|ū=0 = gK (�p,
µ1, µ2, Ri, Re,H).

3. Results

The boundary value problem described by (13) and (14) is
solved numerically using the bvp4c finite difference solver in
MATLABTM 2015b (The Mathworks, Inc.). The numerical plots of
the full-nonlinear version and the analytic linearized-scaled version
in (19) are obtained using MathematicaTM 10 (Wolfram Research,
Inc.). Results are obtained for values of parameters presented in
Table 1. These are based on values previously reported for the soft
polyacrylate [30] (VHB 4910; 3M) used as the dielectric membrane
and the device dimensions reported in [12]. It should be noted
that there is significant variation in the stiffness of polyacrylate
elastomers, which can have an elastic modulus ranging from
⇠0.1 to 1 MPa [1,31,32]. Polydimethylsiloxane (PDMS) is another
popular dielectric elastomer that exhibits a similar range of
stiffness. This includes commercially available silicones like
Sylgard 184 (Dow-Corning), Smooth-Sil 950 (Smooth-On), and
EcoFlex 00-30 (Smooth-On), which were recently characterized
for applications in soft-matter engineering by Case, White, &
Kramer [33].

As with polyacrylate, silicone elastomers can be engineered
to exhibit a variety of nonlinear stress–strain responses. This
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Fig. 2. Displacements u3 and us , normalized w.r.t. the width of the annulus w, plotted versus the radial abscissa s normalized w.r.t. the external radius Re , for values of
the prescribed displacement ū equal to (a) 1 mm, (b) 5 mm, (c) 30 mm. The results are obtained for values of the parameters reported in Table 1, prestretch �p = 6 and
applied drop voltage� = 1 kV. For the constitutive model, the following three pairs of elastic coefficients were selected: (NH) µ1 = µ and µ2 = 0, which corresponds to a
Neo-Hookean solid; (OG1) µ1 = 0 and µ2 = µ/2; (OG2) µ1 = µ/2 and µ2 = µ/4.

Table 1
Parameters adopted in the simulations.

Physical parameter Symbol Value Unit

Radius of shuttle Ri 2.75 mm
Radius of circular frame Re 12.5 mm
Natural membrane thickness H 1 mm
Elastic shear modulus [30] µ 73 kPa
Relative permittivity "r 3.21 –

ranges from the strain softening behavior consistent with a Neo-
Hookeanmodel to the stiffening or sequential softening–stiffening
responses that can be captured by an Ogden model. To account
for these different constitutive properties, we considered the
following three pairs of elastic coefficients: (NH) µ1 = µ and
µ2 = 0, which corresponds to a Neo-Hookean solid; (OG1)µ1 = 0
and µ2 = µ/2; (OG2) µ1 = µ/2 and µ2 = µ/4.

In Fig. 2 the algebraic approximation (solid line) obtained from
Eq. (19) is compared with the results of the numerical analysis
(markers). The displacements us = us(s) and u3 = u3(s) are
normalizedw.r.t. the annularwidthw = Re�Ri andplotted against
the normalized coordinate s/Re for a prestretch �p = 6. The results
of the nonlinear analyses are plotted for all the three constitutive
models: NH (circle); OG1 (triangle); OG2 (rhombus). The plots have
been obtained considering three different values of the external
imposed displacement ū = 1, 5, 30 mm for sub-figures (a), (b),
and (c), respectively, for a fixed drop voltage of � = 1 kV. It
is worth highlighting that the amplitude of the displacement us

is always more than two orders of magnitude lower than the
displacement u3, as expected from the analytic solution in (19). As
shown in Fig. A.9 in the Appendix A.3, in the case of a Neo-Hookean
solid, this difference is even greater. Furthermore, the numerical
solution for u3 is close to the analytic solution if the amplitude
of the imposed displacement is relatively low. Fig. 3 shows the
normalized response force F/Fr versus displacement ū/w for the
analytic approximation (20) and numerical analysis performed on
the three pairs of Ogden parameters. The force Fr is computed as
themaximum force predicted by the analytic model at ū/w = 0.5:
(NH; Fig. 3(a)) Fr = 1.36 N; (OG1; Fig. 3(b)) Fr = 33.54 N, (OG2;
Fig. 3(c)) Fr = 17.45 N. Results are plotted for four different values
of voltage (� = 0, 2, 4 and 6 kV). As shown in Fig. 3 the analytic
approximation from Eq. (20) is in very good agreement with the
numerical solutions when ū is relatively low. As ū increases, some
deviation is observed at higher displacements and voltages.

Next, Fig. 4 shows how the analytic solutions for the out-of-
plane stiffness scale with voltage. Results are shown for the three
constitutive models NH (Fig. 4(a)), OG1 (Fig. 4(b)), OG2 (Fig. 4(c))
in the limit as ū goes to zero. The stiffness values are normalized
to its K0 evaluated when � = 0 for each of the three selected
prestretches: (NH) K0 = (302.93 N/m)(1 � ��6

p
); (OG1) K0 =

(151.46 N/m)(�2
p
� ��10

p
); (OG2) K0 = (151.46 N/m)(1 � ��6

p
) +

(75.73 N/m)(�2
p

� ��10
p

). Consistently with the results in Fig. 3,

significant voltage-induced softening response is only expected for
the Neo-Hookean solid. For the other constitutive models, greater
voltage or prestretch is required to observe a comparable stiffness
change. This influence may be better examined by comparing
the internal stress in the intermediate configuration in the radial
direction.

Fig. 5 presents a combined plot of the radial stress normalized
w.r.t. the membrane stress �0 at � = 0 versus the applied
voltage for the three constitutive models. In all cases, a prestretch
of �p = 6 is selected and the correspondingmembrane stresses are
�0 = 2.63, 47.30, and 24.97 MPa for the NH, OG1, and OG2 solids,
respectively. Although the prestretch induces different levels of
residual stress, all the curves exhibit similar trends and profiles,
i.e. �s / ��2. The key difference among the three cases is found
as the voltage tends to a critical value (i.e.�⇤) atwhich the stiffness
approaches zero, that is: �⇤ ' 8, 35, and 26 kV for the NH, OG1,
and OG2 solids, respectively. It is important to note that, as shown
in Fig. 5, not all the plotted values are physically realizable. This
is due to dielectric breakdown, which occurs when the applied
voltage exceeds the ability of the dielectric to hold charge and it is
no longer an insulator. Fig. 6 contains an estimate of the voltages at
which breakdownwill occur for VHB 4910 (3M), which is a popular
polyacrylate used in DE actuators and transducers [34] used in [12]
to perform the experiment.

4. Discussion

As shown in Fig. 4, it is apparent that themechanical impedance
of the variable stiffness device is strongly affected by applied
voltage, prestretch, and nonlinear constitutive properties of the
dielectric. Even for materials exhibiting the same shear modulus
at infinitesimal strain, high order strain softening or stiffening can
lead to dramatic differences in the electromechanical response.
This sensitivity arises from the fact that stiffness tuning is only
pronounced when the electrostatic Maxwell stress is comparable
to the residual membrane stress of the prestretched film. This is
clear in Fig. 5, which shows that reduction is most pronounced
when the value of the drop voltage induces a Maxwell stress with
a magnitude compensating the amount of prestress (for larger
voltages, the predicted stiffness is negative and likely corresponds
to an electromechanical instability [13]).

In general, it is observed that for a Neo-Hookean solid, the
analytic and numerical solutions are in very good agreement. In
particular, the numerical solution for us is extremely small (except
for ū = 30 mm) and there is virtually no discrepancy in the
prediction for u3. Even for the OG1 and OG2 solids, results from
the analytic solution are found to be adequate to approximate
the nonlinear profile of the membrane so long as the vertical
displacement is moderate (ū  5 mm).

In Fig. 3, it is evident that the out-of-plane response of the
device to a pulling out displacement is strongly dependent on the
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Fig. 3. Analytic (solid) and numeric (dotted) response force F normalized w.r.t. its maximum value versus the prescribed displacement ū normalized w.r.t. the annular
width w, for different values of voltage (� = 0, 2, 4, 6 kV) and for the three constitutive models: (a) NH (µ1 = µ and µ2 = 0); (b) OG1 (µ1 = 0 and µ2 = µ/2); (c) OG2
(µ1 = µ/2 and µ2 = µ/4). The results are obtained for values of the parameters reported in Table 1 and prestretch �p = 6.

Fig. 4. Analytic prediction of the out-of-plane stiffness of the device Kl normalized w.r.t. its value K0 evaluated for � = 0 versus the applied voltage � for different values
of prestretch (�p = 4, 6, 8), for different values of voltage (� = 0, 2, 4, 6 kV) and for the three constitutive models: (a) NH (µ1 = µ and µ2 = 0) which corresponds
to K0 = (302.93 N/m)(1 � ��6

p
); (b) OG1 (µ1 = 0 and µ2 = µ/2) which corresponds to K0 = (151.46 N/m)(�2

p
� ��10

p
); (c) OG2 (µ1 = µ/2 and µ2 = µ/4) which

corresponds to K0 = (151.46 N/m)(1 � ��6
p

) + (75.73 N/m)(�2
p
� ��10

p
). The results are obtained for values of the parameters reported in Table 1.

Fig. 5. Radial stress �s normalized w.r.t. the membrane stress �0 at � = 0
versus the applied voltage for the three constitutive models: (a) NH (µ1 = µ
and µ2 = 0) which corresponds to �0 = 2.63 MPa; (b) OG1 (µ1 = 0 and
µ2 = µ/2) which corresponds to �0 = 47.30 MPa; (c) OG2 (µ1 = µ/2 and
µ2 = µ/4) which corresponds to 24.97 MPa, highlighting the region in which
the dielectric breakdown occurs (gray region). The critical voltage�⇤ , at which the
stress vanishes, is' 8, 35, 26 kV for the NH, OG1, and OG2model, respectively. The
results are obtained for values of the parameters reported in Table 1 and prestretch
�p = 6.

constitutive behavior chosen to model the membrane. In the case
of the Neo-Hookean solid, there is a pronounced relaxing effect,
with a behavior comparable with the experiments by [12], that
corresponds to a lower slope of the force–displacement curve with
increasing voltage. It is important to note that this effect is not
significant in the other two constitutive models. Such a difference
illustrates the importance of performing an accurate experimental
characterization of the polymer’s constitutive properties. For the
reader’s convenience, force in Eq. (20) versus the normalized
displacement of the device for the three constitutive models is
presented in Fig. 7. This is displayed in comparison with the strain
response in terms of first Piola–Kirchhoff stress normalized w.r.t.
the tangent shear modulus versus stretch, in the case of uni-axial
stress state. The presence of the parameter µ2, as well known,
induces a stiffening effect with an increase of the deformation that
apparently interferes with the tunable stiffness coupling.

Fig. 6. Estimate of the breakdown voltage for the polyacrylate VHB 4910 (3M),
for increasing value of prestretch �p , experimentally obtained by [34] when the
elastomer sheet is bi-axially (pre)stretched.

To examine how it might be possible to maximize the tuning
effect, it is helpful to express Eq. (21) for the special case of a Neo-
Hookean solid with ū = 0, namely:

KNH = 2⇡H
↵

"

µ

 

1 � 1
�6
p

!

� "�2 �
2
p

H2

#

, (22)

where↵ = log(Re/Ri). This shows in a simpleway that the stiffness
of the device corresponds to the difference in contributions from
mechanical prestretch and electrical enthalpy. As shown in Fig. 8,
prestretch can have an important role in the stiffness change.
In fact, although there is a saturation effect in the first term
with the brackets, a quadratic dependence in the second term
with an increase of �p can be identified. A less pronounced
(but non-negligible) effect can be related to a reduction of the
initial thickness H and the reduction of the shear modulus of the
membrane. As with �p, such parameters can be adjusted in order
to influence electromechanical response.
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Fig. 7. Comparison between (a) the strain response of the device in terms of tensile force F versus the prescribed displacement ū normalized w.r.t. the annular width w
and (b) the strain response in terms of First Piola–Kirchhoff stress P normalized w.r.t. the tangent shear modulus (µ) versus stretch (�) in a case of uni-axial stress state. The
results are obtained for values of the parameters reported in Table 1, drop voltage� = 3 kV and prestretch �p = 6. For the constitutive model, the following three pairs of
elastic coefficients were selected: (NH) µ1 = µ and µ2 = 0, which corresponds to a Neo-Hookean solid; (OG1) µ1 = 0 and µ2 = µ/2; (OG2) µ1 = µ/2 and µ2 = µ/4.

Fig. 8. Analytic stiffness response K specialized for the NHmodel, given by Eq. (22),
normalized w.r.t. its value Kmax ' 303 N/m versus the prestretch �p , for different
values of the applied voltage (� = 0, 4, 6 kV). The results are obtained for values
of the parameters reported in Table 1.

5. Conclusions

The variation of the out-of-plane stiffness of an annular DE
membrane in response to an applied voltage has been analytically
modeled. The theory takes into account the constitutive nonlin-
earity associatedwith large prestretch and electromechanical cou-
pling from Maxwell stress. We show that the increase of voltage
induces a nonlinear softening effect (/ ��2) that is significantly
more pronounced when the Maxwell stress is comparable to the
amount of prestress. The analytic approximation of these values
critically depends on the constitutive response of the membrane.
This is due to the important role of the residual membrane stress
when high prestretch �p is applied. Among the three models cho-
sen to perform the simulation, for the cases of OG1 and OG2 a sig-
nificant reduction of the stiffness occurs for voltages exceeding the
experimentally estimated breakdown threshold. On the contrary,
this is not the case for the NH solid and, thus, it is possible – at
least in principle – to have a drastic reduction of the out-of-plane
stiffness if the value of the imposed voltage is sufficiently close to a
critical value�⇤. This suggests that a membrane with constitutive
properties similar to that of a Neo-Hookean solid behavior might
allow for the largest changes in effective stiffness.
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Appendix

A.1. Lagrangian

The energy density per unit length expressed in (12), consider-
ing the Eqs. (8) and (11) takes the form:
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To minimize L, since it is function of (us, u
0
s
, u3), the following

set of Euler–Lagrangian equations have to be imposed equal to
zero:
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A.2. gF

The function gF (�p, ū, µ1, µ2, R1, R2,H, ) introduced in Eq. (20)
for sake of clarity in order to isolate the dependence of the force on
the drop voltage takes the form:
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ū2 + ↵2R2
i

◆ �
ū
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ū
2 + ↵2

R
2
i
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Fig. A.9. Displacements us , normalized w.r.t. the width of the annulus w, plotted versus the radial abscissa s normalized w.r.t. the external radius Re , for values of the
prescribed displacement ū equal to (a) 1 mm, (b) 5 mm, (c) 30 mm. The results are obtained for values of the parameters reported in Table 1, prestretch �p = 6 and applied
drop voltage � = 1 kV. For the constitutive model, the following three pairs of elastic coefficients were selected: (NH) µ1 = µ and µ2 = 0, which corresponds to a
Neo-Hookean solid; (OG1) µ1 = 0 and µ2 = µ/2; (OG2) µ1 = µ/2 and µ2 = µ/4.
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ū
2 + ↵2

R
2
e

�

⇥
⇥
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ū
2 + ↵2

R
2
e

�2 ⇥
↵2(4↵ + 1)R2

e
� 2ū2⇤

⇥ �12
p

+ 2↵6
R
6
e
� ↵2

ū
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A.3. us

The component of the displacement in the s-direction is here
shown in Fig. A.9.
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