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Bifurcations and instability in the adhesion of intrinsically curved rods
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Motivated  by  applications  such  as  gecko-inspired  adhesives  and  microdevices  featuring  slender  rod-
like  bodies,  there  has  been  an increase  in  interest  in  the  deformed  shapes  of elastic  rods  adhering  to
rigid  surfaces.  A  central  issue  in  analyses  of the rod-based  models  for  these  systems  is the  stability  of
the predicted  equilibrium  configurations.  Such  analyses  can be  complicated  by  the  presence  of intrinsic
curvatures  induced  by  fabrication  processes.  The  results  in  the  present  paper  are  used to  show  how  this
curvature  can  lead  to shear-induced  bifurcations  and instabilities.  To  characterize  potential  instabilities,
a  new  set  of  necessary  conditions  for stability  are  employed  which  cater  to the possible  combinations  of
buckling  and  delaminating  instabilities.

© 2013 Elsevier Ltd. All rights reserved.

1. Introduction

In emerging fields like stretchable electronics and micro-opto-
electromechanical systems (MOEMS), deposited thin films may  be
designed to simultaneously buckling and delaminate from pre-
stretched elastomer substrates to form wavy structures (Qu et al.,
2011; Rogers et al., 2010; Shih et al., 2008). Just as in other classes
of flexible elastic structures, peeling may  be studied with an elas-
tic rod theory that treats the edge of the bonded contact zone
as a free boundary governed by flexural rigidity, internal bend-
ing moment, and work of adhesion. In recent years, this approach
has been used to model microelectronic switches (Adams and
McGruer, 2010), stiction in MEMS  devices (de Boer and Michalske,
1999), soft lithography stamp printing (Hui et al., 2002), mus-
cle crossbridges (Stewart et al., 1987), nanotubes (Glassmaker
and Hui, 2004), and gecko-inspired microfiber array adhesives
(Majidi, 2009).

A central issue for the solutions presented in many of the
aforementioned studies is the paucity of analytical criteria for
instability. In addition to the classical buckling-type instabilities
experienced by rods, it is natural to ask if the adhesion bound-
ary condition can become unstable to small perturbations? Such
an instability would lead to delamination. Recent work by the
authors (Majidi et al., 2012), which leveraged the existing formu-
lations of peeling problems in Maddalena and Percivale (2008),
Majidi (2009),  O’Reilly (2007) and Plaut et al. (2001, 2001),  estab-
lished a set of criteria for problems featuring elastic rods with
adhesion. Their criteria could be decomposed into one criterion
for buckling and a second closely related criterion for adhesion
instability. However, they found no examples which violated the
latter criterion. In the present paper, we find that the presence of
intrinsic curvature can produce adhesive instability (delamination).
The results are directly applicable to many of the aforemen-
tioned devices where intrinsic curvature is a consequence of
fabrication.

The boundary-value problem governing the static configura-
tions is determined using a variational principle featuring the
potential energy � of the elastic rod. Exploiting classical methods
by Legendre and Jacobi, an examination of the second variation of
� is used to establish necessary conditions, which we  label N1, for
the stability of the adhered rod. The criterion is based on an exten-
sion to our earlier works in Majidi et al. (2012) and O’Reilly and
Peters (2012) and can be related to treatments of nonlinear buckling
involving Jacobi’s equation and the search for conjugate points such
as Jin and Bao (2008),  Kuznetsov and Levyakov (2002),  Maddocks
(1984), Manning (2009),  Manning et al. (1998) and O’Reilly and
Peters (2011) and references therein. The conditions N1 are then
used to classify the configurations of a terminally loaded elastica
which possesses an intrinsic curvature. Some of these configura-
tions are unstable because any perturbation to the detachment
point � = � will not decay.

2. The boundary-value problem and instability criteria

We start our analysis by using Euler’s theory of the elastica to
model the adhesion of a flexible, inextensible elastic rod R of length
� to a rigid surface. Referring to Fig. 1, the arclength of the centerline
of the rod is parameterized using a coordinate �, and the position
vector r of a material point labeled � ∈ [0, �] has the representation
r = XE1 + YE2. The unit tangent vector to the centerline of R has the
representation r′ = cos(�)E1 + sin(�)E2, where the prime denotes the
partial derivative with respect to �. The curvature � of the centerline
of R is � = �′. When the centerline is unloaded, it relaxes into a curve
with an intrinsic curvature �g.

For the problem at hand, discontinuities occur and it is necessary
to define the following limits for any function � = �

(
�, �, �′):

�(	−) = lim
�↗	

�(�, �(�), �′(�)),

�(	+) = lim
�↘	

�(�, �(�), �′(�)).
(1)
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Fig. 1. Schematic of a terminally loaded rod of length �. A portion of the rod of length
�  is bonded to a fixed surface.

The jump in a function � at � = � is

���	 = �(	+) − �(	−). (2)

Continuity of r and � implies that �r′ � � = 0 for all � ∈ [0, �].
The bending moment M in the rod is prescribed by the clas-

sic constitutive equation M = D(� − �g)E3, where D is the flexural
rigidity. We  also introduce the contact force n acting on the rod.
Assuming that a terminal load F acts at the tip � =�, then, from a
balance of linear momentum, we find that n is a piecewise constant
with n(� −) = F. Modulo an additive constant, the total potential
energy � is

� =
∫ �

�

{
D

2
(� − �g)2 − n · r′

}
d�

+
∫ �

0

{
D

2
(� − �g)2 − n · r′ − ω

}
d�. (3)

In this expression for �,  ω is the adhesive energy per unit contact
length.

The first variation of � leads to the boundary-value problem
which is used to determine the deformed shape �*(�) of the rod for
� ∈ (� , �):

(D(�∗ − �g))′ − P1 = 0, (4)

where

P1 = F · (sin(�∗)E1 − cos(�∗)E2), �∗ = �∗′(�). (5)

Assuming that �(�) is continuous and that the slope at the edge
of the contact surface is tan(�0), the sought-after solution �* to (4)
needs to satisfy the following set of boundary conditions:

�∗(�+) = �0, �∗′(�) = �g(�),

ω + � D

2
(�∗ − �g)2 − n · r′�

�
= (D(�∗ − �g))(�+)��∗�� . (6)

The second of these boundary conditions follows from the fact
that there is no applied moment at the tip � =�, while the third con-
dition is the adhesion boundary condition at � = � . The presence of
n · r′ in (6)3 makes it different from the adhesion boundary condi-
tion in other works – such as Eq. (6) in Majidi and Adams (2010) –
but this difference is not an issue in the forthcoming examples such
as those shown in Fig. 2. Fig. 2 presents (a) the natural shape of the
elastic rod in the absence of adhesion, (b) the equilibrium defor-
mation of the rod adhering to a substrate (F = 0E1), and (c) various
solutions for a partially adhering rod under an axial load F = −27E1.

The stability criteria we employ are based on computing the
second variation of the potential energy � of the rod and can
be considered as an extension to classical works on this topic

which feature Jacobi’s necessary condition. Using the arguments
presented in Majidi et al. (2012),  we  can readily establish a nec-
essary condition for stability, which is referred to as N1. The only
changes needed are to include the intrinsic curvature �g and to
relax the assumption in Majidi et al. (2012) that �′(�−) = 0. Here,
we merely quote the criterion as it pertains to the rod-based model
that we  are examining and refer the reader to Majidi et al. (2012)
for relevant background.

Condition N1: If a solution {�*(�), �*} to the boundary-value
problem minimizes � then the solution w(�) ∀� ∈ (�∗, �] to the
boundary-value problem

∂w

∂�
+ P − w2

D
= 0, (7)

with w(�) = 0 and P = F · (cos(�*)E1 + sin(�*)E2) cannot become
unbounded in the interval [� , �] and the following inequality must
be satisfied:

� ≥ 0. (8)

The function � depends on the solution w to (7) and the solution to
the boundary value problem for �:

� = −�P1�∗ + D(�∗′ − �′
g)(�∗ − �g)�� + 2P1(�+)��∗��

+ D��∗′ �� (�∗(�+) − �g(�+)) + w(�+)��∗�2
� . (9)

The condition N1 is a necessary condition for the second vari-
ation of � to be positive. It is well known that the existence of
a bounded solution w(�) to the Riccati equation (7) implies that
the rod has not buckled but this criterion is silent on the state of
the adhesive. However, as the adhesion boundary condition (6) can
often be used to express �∗′

(�+) in terms of ω, we can interpret (8)
as a stability condition for the adhesive. Thus N1 can be considered
as a two-part criterion. First, existence of w implies that the equi-
librium configuration of the rod satisfies a necessary condition for
the minimization of � with respect to perturbations that preserve
�*. The second part of the criterion states that perturbing � from its
equilibrium value �* does not violate a necessary condition for the
minimization of �.  If an equilibrium configuration does not satisfy
N1 either because a bounded solution w cannot be found or � < 0,
then the configuration is said to be unstable.

3. Adhesive instabilities

We are now in a position to examine the configurations of an
intrinsically curved elastica and use the N1 condition to classify its
stability. Thus, we  consider an elastic rod that has intrinsic curva-
ture �g and is loaded with an axial force F = − FE1. The force F in this
case is often classified as a shear force. Specifically, we consider a
rod which has the following intrinsic shape and curvature:

�g = 2
A

�
sin

(
2
�

�

)
, �g = 4
2A

�2
cos

(
2
�

�

)
. (10)

The rod is assumed to have a continuous flexural rigidity D and
we also restrict attention to the case where the surface that the rod
is adhering to is flat: �∗′

(�−) = 0.
It is convenient to introduce the following notations: �+ =

�∗′
(�+), (�+)′ = �∗′′

(�+), and �g� = �g(�±). For the example at hand,
the boundary condition (6)3 and the function � can be expressed
in the simplified forms

D

2
(�+)2 = ω, (11)
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Fig. 2. (a) The natural shape of the elastic rod in the absence of adhesion (ω = 0). (b) Elastic rod with intrinsic curvature adhering to a substrate (F = 0E1) along the segment
�  ∈ [0, 0.95 �]. (c) Multiple equilibrium configurations of an elastic rod adhering to an elastic substrate for F = −27E1. The solutions where � < 0 are unstable, while the
configuration with � > 0 satisfies the necessary condition N1 for stability.

and

� = w(�)(�+)2 + D((�+)′ − �′
g�

)�+ + D�′
g�

�+. (12)

At equilibrium, � = �*(�) and � = �* must satisfy the boundary
value problem (4),  (6)1,2 and (11). The solution �* = �*(�) is then
used to solve the Riccati equation (7) and, if w(�) exists for all � ∈ [� ,
�], then the function � can be computed using (12).

We also introduce a range of dimensionless variables and
parameters: F̂ = F�2/D,  �̂ = �∗/�, �̂ = ��3/D,  ω̂ = ω�/D, and Â =
A/�. We  henceforth restrict attention to an example where Â = 0.05
and ω̂ = 1.7621. As can be seen from Fig. 3 as F increases from 0,
a pair of configurations are possible. Evaluating � we  find that one
of these configurations is unstable and has a jump at F̂ = 16.3. For
reference, F̂ = 2.47 corresponds to the critical buckling load of a
non-adhering cantilever that is clamped at one end and has no
intrinsic curvature (i.e. �g = 0). The resulting unstable configuration
and the original configuration annihilate each other in a saddle-nod
bifurcation at F ≈ 29.8. For F̂ > 29.8, a single configuration
remains.

An example of the three configurations when F̂ = 27 is shown
in Fig. 2. We  suspect that as F̂ →≈ 38, the sole configuration also
undergoes a bifurcation that is similar to the saddle node bifur-
cation mentioned earlier. However, we have not been able to
numerically find the unstable solution that would feature in this
bifurcation. For all of the configurations presented in Fig. 3, the
solution to the Riccati equation exists for all � ∈ [� , �] and so none of
these configurations would be classified as unstable in the classical
sense of buckling instability.

It is interesting to note from Fig. 3(a) the presence of hysteresis.
As F̂ is increased from 0 to ≈29.8, the contact length � − � gradu-
ally decreases. However as F̂ is increased beyond 29.8, the contact
length suffers a dramatic jump which can be reversed by following
the loading path outlined by the arrows in Fig. 3(a).

4. Discussion

Several treatments of adhesion problems (e.g., de Boer and
Michalske, 1999; He et al., 2012; Mastrangelo and Hsu, 1993)
have featured the computation of the second derivative of � with
respect to � and stated that the positivity of this derivative is a
necessary condition for stability. In line with these treatments,
it is interesting to compute the energy of the rod and exam-
ine how it changes with the adhesion length � for a fixed shear
load F.

For example, when F̂  between 21.7 and 30.0, the governing
equations have three solutions, one of which is unstable. Fig. 4
shows a plot of the dimensionless potential energy �̂ as  a func-
tion of the normalized adhesion length �̂ . The vertical dashed lines
correspond to values of �̂ at which �̂ is locally extremized (see
also Fig. 2). In addition to � = �(�), we can also compute the
derivatives �� = d�̃/d� and ��� = d2�̃/d�2. As expected, the
condition �� = 0 is consistent with the natural boundary condi-
tion (6)3 and it is also in line with Kendall’s seminal work (Kendall,

1971) on problems of this type. However, what was surprising to
us were the results that � approaches ��� for small deflections (cf.
Fig. 3(c)).

Here, we have only examined the case of a non-dimensional
intrinsic curvature amplitude Â = 0.05 and adhesion ω̂ = 1.7621.
As shown in Fig. 3(a), this corresponds to a saddle-node bifurcation
at F = 29.8, beyond which the contact length suddenly decreases.
This critical axial load reduces to F = 22.1 for a lower non-
dimensional adhesion of ω̂ = 1 and F = 21.7 when ω̂ remains equal
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Fig. 3. Plots of (a) adhesion length �̂ = �∗/� and (b) tip deflection (Y(�) = r(�) · Ey)/�
as  a function of axial load F̂ = F�2/D for Â = A/� = 0.05. The corresponding values
for �̂ = ��3/D (circles) and �̂�� = ��� �/D (curve) are plotted in (c). Blue and red
coloring correspond to solutions where � > 0 and unstable solutions where � < 0,
respectively. (For interpretation of the references to color in this figure legend, the
reader is referred to the web version of the article.)
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Fig. 4. Plot of potential energy � as a function of prescribed adhesion length � for
F  = −27E1. The values of � for three extrema of � are distinguished. Two  of these
extrema are local minima and the third extrema is a local maximum.

to 1.7621 and the intrinsic amplitude is increased to Â = 0.1.
Physically, this implies that weaker adhesion and/or greater
intrinsic curvature results in a lower resistance to spontaneous
detachment under axial load.

In conclusion, we can only state that the treatments of stabil-
ity featured in de Boer and Michalske (1999),  Mastrangelo and Hsu
(1993) and He et al. (2012) are compatible with the criterion N1 for
the examples discussed in this paper. We  emphasize however that
a general equivalency proof that ��� > 0 if and only if � > 0 is not
available at the present time. Nonetheless, the condition � > 0 elim-
inates the need to numerically compute ��� and enables stability
to be examined analytically.
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