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Rectangular cross-section
No pre-compression

Dielectric: VHB 4910 Acrylic Elastomer infused w/ a 0 S R A S A A A S AR
penetrating network of 1,6-hexanediol diacrylate for

enhanced dielectric breakdown strength Dielectric: BJB TC-5005 Silicone/PDMS
Conductor: Ketjenblack 600 (Akzo Nobel) Carbon Conductor: CAF 4 Rhodorsil Silicone + Vulcan XC

Powder R72 Carbon Powder



“Stacked” Soft-Matter Capacitor
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Energy Harvesting
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Viscoelasticity

When loaded with a dead
weight P, most elastomers
stretch over time:
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Viscoelasticity
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Viscoelasticity

Kelvin-Voigt Model: o=E(A-1)+ TI% O—@—O

AO




Viscoelasticity

For a Neo-Hookean Solid subject to unixaxial loading and Maxwell Stress,
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Including the viscoelasticity term, this becomes
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Kovacs et al. (EMPA Switzerland)

4 Stacked DEA. As in lecture, consider a stacked DEA with an 1nitial radius Ro = lcm
length Ly = 10 cm, and dielectric gap hp = 0.1 mm, The DEA contains N = Ly/hy = 1000
capacitive elements and the thickness and rigidity of the capacitive electrodes will be
ignored.

Let the dielectric be treated as a Neo-Hookean solid with an added Maxwell stress and
viscosity term

2
0’=2C1()\2—l)+8 L +’n%
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with modulus E = 1 MPa, dielectric constant €, = 2, and viscosity ) = 1 MPa-s. [4 points]



HW 3

a) Suppose that at time t = Os, the DEA 1s loaded with a tensile deadweight P = 10 N.

Plot A vs. t over the domain Os <t < 10s .

b) Now suppose that starting at time t = 10s, a voltage ® = 5 kV 1s applied for 10s.
Reconstruct the plot below for A vs. time t over the domain Os <t < 30s .
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Linearized Model

: X : X
Kelvin-Voigt Solid: o =Ee+ne E=— E£€=—
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It 1s convenient to define the following:

Natural Frequency: w_=,/—

Damping Ratio: (=

2+/mk

X+ 200, X + ;X = u,w’ sin(omt)

Solution: X =X, +X

N

“complementary “particular
solution” solution”




Natural Frequency

Recall that for a spring mass system, the natural frequency is

\/f
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For a Hookean solid, k = EA,/L,

\
L,=10cm E=1MPa
Ry=1cm n = 100 Pa-s o =560.5 Hz
h,=0.1 mm m = 10 mg
u, = 1 mm g =2




Solution Summary

x =AU LA el X sin(wt) + X, cos(wt)
Wy =4/1-¢ 12—(1) ( Z"‘\/Z )

ALX, —u,0-0X, A, = A X, —u,0- X,
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At steady state, this converges to
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and X = is the steady state amplitude
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Complementary Solution

. . )
X, +2Cw X, +w x =0

X, = EAiexit
= EAiekit {7»12 +2Cw N, + mﬁ} =0

For this to be satisfied for arbitrary A, and t,
A +2Co A+ =0

This only has two linearily independent solutions.
Therefore 1n general,

X, =Ae" +Ae" where A,=0, (—C +./C° - 1)



Particular Solution

We postulate that x ; has the form
x, = X, sin(wt)+ X, cos(owt)

Substituting x, + x into the governing ODE and noting
X +2Cw x_+w.x_ =0,

it follows that X +2Cw % +w;x =u,0”sin(wt)

Substituting the expression for x, into the above ODE,

Y
{—lez sin(wt) - X,0° cos(mt)}
+2Lw, {X,wcos(mt) - X,wsin(wt)}

N {Xl sin(wt) + X, cos(mt)} = u,’ sin(wt)



Rearranging terms,

{—le2 —2Cw, wX, + wﬁXl}sin((ﬂt)
= u,w’ sin(owt)
+ {—X2m2 +2Cw 0X, +w’X, } cos(ot)

(oofl - (:oz)X1 ~2Cw. 0wX, =u,m’
= 4

20w wX, + (oof1 - ooz)X2 =0




Noting that sin(A+B) = sin(A)cos(B) + cos(A)sin(B), 1t follows
that x  can also be expressed as

X, = Xsin(wt+¢),

2

where X = \/X12 + X% —
2 2\2 2
is the amplitude, and \/((Dn — ) + (2z;mnm)

4 X
¢ =nm+tan” (Yz) is the phase shift.
1



Boundary Conditions

Lastly, A, and A, are determined by applying the boundary
conditions X(O) =0 X(O) =—-U,0

x=Ae" +A,e™ + X sin(wt)+ X, cos(wt)

x=MA" +N,Ae" +0X, cos(wt) - wX, sin(wt)

x(0)=0=A +A,+X,=0=|A =-(A, +X,)

x(0)=-u,0= -\ (A, +X,)+M,A, +0X, =-u,0

_AMX, o0 - X,
)\2 B }\1

=(A,




Solution

The coefficients, A, A,, X,, and X, are real. However, for
an underdamped system (C < 1) A, and A, will be imaginary.

x=A e p A e X sin(wt) + X, cos(wt)

=g = {Aleimn"“dt + A e } + X, sin(ot)+ X, cos(wt)

where , =+/1-C°.

The first term vanishes as t approaches oo, and so 1t 1s
known as the “transient solution.” The solution converges
to the last two terms (particular solution), which 1s known
as the “steady state solution.”

The smaller the damping, the longer it takes to reach steady
state and the larger the steady state amplitude X.



Once the steady state solution 1s reached, the length of the
viscoelastic solid will change with amplitude

2
u,m

\/((x)ﬁ = w2)2 +(2Cw,0)’

Clearly, this 1s maximized when the excitation frequency w
of the external (base) vibration matches the natural
frequency m, of the system: X _ =u,/2C.

X —

Interestingly, X approaches zero when w 1s small. This
means that the elastomer doesn’t deform and the mass
vibrates with the base.

When w gets large, X approaches u,. This 1s not intuitive
and should be examined 1n more detail.
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Nonlinear Model

Kelvin-Voigt Solid: o =2C, (7\2 - l) + n% + a(g)
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Code

= function stacked DEA

global L0 A0 h0O u0 Cl eta m eps omega V0 psi

LO =0.1;
RO = 0.01; $%%% Determine Lambda $%%%
A0 = pi*R0"2;
ho = 0.le-3; tf = 5*T;
ul = le-3; lambdal = 1;
lambdadot0 = 1 - ul*omega/L0;
E = leéb;
Cl = E/6; [t,x] = oded5(€get lambda,[0 tf],[lambdal lambdadot0]);
eta = 100; lambda = x(:,1);
m = 10e-3; lambdadot = x(:,2);
er = 2: u = ul*sin(omega*t);
eps = er*8.85e-12; v = u + lambda*L(;
k = E*A0/L0;
omega n = sqrt(k/m); = function xdot = get lambda(t,x)
omega = omega n;
T = 2*pi/omega; global L0 A0 h0 u0 Cl eta m eps omega V0 psi
VO o= 0; V = VO*(1 4 sin(omega*t - psi))/2;
psi = 0;
xdot(1,1) x(2);

- xdot(2,1) ul*omega”2*sin(omega*t) /L0 - eps*A0*V"



Comparison: No Voltage, w = w,

(Solid) Nonlinear
(Dashed) Linear

0.12

0.1

T

0.08

T

0.06

T

0.04

T

Displacement (m)

0.02

-0.02 ' ' '
0 0.05 0.1 0.15 0.2 0.25

t (sec)



Assume a sinusoidal applied voltage with amplitude @, , frequency w, and phase :

O = l(I)O {1+sin(wt-y)}

2
Powerin: P, =ndq= L (Dd(EA(I))
h,) dt\ h
(L (I)d!sAO(I) _eALy o |6 20D
h,) dt|A’h, ho\? A
eAL, - [1 20D
P =—00®!{ _—wcos(mwt—1p)-—
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to+T ‘
"~ eA L . 20D
Average Power: P, = f — CI){CI) — —}dt

Period of Oscillation: T = 2313/ W,
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D,=5kV,n=w,

Displacement (m)
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